ATAA JOURNAL
Vol. 36, No. 1, January 1998

Determination of Buckling Speed for Rotating
Orthotropic Disk Restrained at Outer Edge

Naki Tutuncu* and Ali Durdu®
Cukurova University, 01330 Adana, Turkey

The critical angular speed of rotating polar orthotropic circular plates whose outer boundary is constrained
from deforming radially is obtained as a function of ply orientation angle. Because the expressions obtained for
radial compressive stresses formed due to centrifugal forces were complicated, attaining a closed-form solution of
the governing differential equation was not possible. Galerkin formulation of the finite element method has been
resorted to, and the results are presented for a full plate and for a plate fixed at its center to a rigid shaft. Increasing
the angle of ply orientation up to a certain value decreased the critical speed. In the case of a concentric shaft,
increasing the shaft radius increased the critical speed, contributing to the stability of the plate.

Nomenclature
Ajj = in-plane laminate stiffness matrix, i, j = 1,2, 6
a =radius of rigid shaft
D;; = in-plane laminate flexural stiffness matrix,
i,j=1,2,6
E; = Young’s modulus in the i direction,i = x, y
h = uniform plate thickness
[K] = flexural stiffness matrix of the whole structure
[K€] = flexural stiffness matrix of a finite element
M; = bending moment components,i = r, 0
[M] = geometric stiffness matrix of the whole structure
[Me] = geometric stiffness matrix of a finite element
N; = stress components,i =r, 8, rf
Qi = transformed in-plane stiffness matrix of the kth
lamina
R = plate radius
r,0,z = cylindrical coordinates
t = ply thickness
u,v, w =radial, circumferential, and out-of-plane

displacement, respectively
Zk = algebraic distances of bottom and top of kth ply
from the midplane of a laminate

£,, &, ¥,s =in-planestrain componentsin cylindrical
coordinates

K; = curvature,i = r, 9, ro

A2 = ratio of circumferential stiffness to radial stiffness

Vg = major Poisson’s ratio

P = mass per unit area

D = ply orientation angle

w = angular speed of rotating plate

I. Introduction

ECENT advances in engineering technologies have made it

necessary to design new structural components that either are
required to resist severe environmental conditions or are flexible
enough in their configuration to yield desired properties in desired
directions. Where the conventional isotropic materials remain short
of fulfilling these requirements, composite materials that possess
anisotropic properties are brought into use.

Composite structural elements such as thin circular plates may
find many applications in aerospace industries that require strong,
stiff, and lightweight components. The present study is con-
cerned with the stability analysis of rotating composite disks that
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display polar orthotropic material characteristics. Polar orthotropy
is achieved when the polar coordinate axes are also the axes of ma-
terial symmetry. Various models to determine the stress distribution
due to centrifugal forces in rotating disks are abundantly available
in the literature. The authors of Refs. 1-5 used an elasticity ap-
proach to determine the stresses in orthotropic, single-ply, rotating
circular plates with the outer boundary free of any constraints. Bert®
and Bert and Niedenfuhr’ used a laminated plate theory on layered
plates with extension-bendingcoupling and with stress-free bound-
aries by which approximate solutions were obtained. The effect of
anisotropy on stresses in rotating disks placed in a stiff casing was
studied by Tutuncu,® and it was shown that compressive stresses be-
gan to occur near the outer boundary. If the rotational speed reaches
acritical value, these stresseswill causelocal buckling. Research pa-
pers pertaining to the stability analysis of rotating plates are scarce.
A notable work on the subject is Ref. 9, in which the critical ro-
tational speed of an isotropic plate is determined in terms of tran-
scendental functions. The works of Haughton and Ogden'®!! may
be cited among the bifurcation studies of rotating circular cylin-
drical members. The purpose of the present paper is to assess the
critical speed of a rotating orthotropic plate. Polar orthotropy is at-
tained in cross-ply symmetric laminates (all plies are oriented at 0
and 90 deg with respect to the radial coordinate axis) and in bal-
anced laminates with many plies (for each ply oriented at +®, there
existsa ply oriented at —®). For a given laminate thickness, increas-
ing the number of plies n in a balanced laminate decreases the in-
plane bending-stretching coupling terms by the factor n. Isotropic
plates with stiffeners properly placed in radial and circumferen-
tial directions may also be considered to have overall orthotropic
properties.

The circularrotating plate either is a full plate or is fixed to a shaft
of radius a. In both cases the outer boundary is constrained from
deforming radially. Because of additional material complexitiesin-
volved regarding composites, it becomes quite difficult to obtain
closed-form solutions, forcing the researcher to employ numerical
procedures. Upon the derivation of the governing differential equa-
tion of elastic stability, the finite element method using Galerkin
formulation has been chosen to determine the critical speed of rota-
tion. The classical laminated plate theory has been used throughout
the analysis. There may be critical speeds associated with a number
of deformation modes. The present paper considersonly the critical
speed for the case of transverse bending. Material nonlinearitiesare
not considered. For isotropic plates, the critical speed associated
with in-plane deformation would be considerably larger if material
nonlinearities are ignored,'? but this may not necessarily be so for
anisotropic plates.

II. Radial Stresses in Rotating Disks

Consider a circular plate of radius R and uniform thickness 2 that
is rotating with angular speed @ about an axis perpendicular to its
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plane. Assuming steady rotation, symmetric deformation, and no
bending, displacement fields take the following form:

u=u(r), v=1v(0) =0, w=wr)=0 €))]
Because of axisymmetry of the problem, all of the stress and strain
componentsare independentof the & coordinate. The in-plane strain
components are

du u

e p— &g =
1 1
dr r

& Yre = 0 (2)

To obtain the governing equations of displacement, the stresses
and displacementsmust be related through Hooke’s law. Noting that
the problem is a plane-stress problem and in specially orthotropic
plates the in-plane and bending equations are uncoupled, the stress-
strain relations take the following form:

N,- All A12 0 &
Ng ¢ = Ay Ap O €p 3)
Nr9 0 0 A66 0

where N, and Ny are, respectively, the stressesin the » and & direc-
tions. Subscripts 1 and 2 refer, respectively,to the r and & directions,
and the stiffness terms are defined in the customary manner as '

n

[A] = Z [Q(k)]{zk+l —Z}

k=1

Substituting Eq. (2) into Eq. (3) and thus obtaining expressions
for N, and Ny in terms of stiffness terms and radial displacement,
the equilibrium equations can now be used to derive the governing
equation of radial displacement. The only nontrivial equilibrium
equation is in the radial direction'*:

l|:i(rN,.) - N9i| + p’r =0 @
rlLdr

Note that pw?r is the externally applied centrifugal force. Substi-
tution of expression for N, and Ny in terms of stiffness terms and
radial displacement yields the following Cauchy equation for u:

rPu” +ru’ — (Ap/Au :—(sz/All)r3 &)

where () refers to differentiation with respect to 7. The complete
solution of the preceding equation is in the following form:

_ pw?
=C A C 7y 3 6
u 4+ Cyr +—A11(A2—9)r 6)

where A is defined as

A=y An/An

Note that for A>=09, i.e., when the circumferential stiffness of the
plate is nine times the radial stiffness, the solution according to
Eq. (6) becomes unbounded. In this case, Eq. (5) is resolved to
yield the following expression for radial displacement:

A —6br) W2

u=Dr*+ Dyr73 +
! ? 364,

)

where unknown constants C;, C, and D;, D, are determined from
the appropriate boundary conditions. For a full plate, the boundary
conditions are #(0) = 0 and u(R) = 0. In this case, the second
term in Eqgs. (6) and (7) yields an infinite displacementat r = 0. For
the displacement to be bounded, C, and D, must be zero, and the
following expressions are obtained for C; and D:

PR3 D — pw*(1 — 6fn R)
=

C,=——1t""
! R*A,, (A2 —9) 364,

(8)

Now that u(r) is fully determined, the radial stress N, is readily
calculated from Eq. (3) as

N = oo AR FAADIR — (A +34,)r° R
= A (9— A)rRr*
A #9 )
— 2
N, = por A B RINZ AV 2 mgy o)

6A;,

If the plate is fixed to a rigid shaft of radius a, the boundary
conditions are that there is no radial displacementat » = a and R.
The constants Cy, C, and D, D, are then expressed as

PR3 — g3t h)

e R BTy ey
(11
C. = —prRkak(R)»afi _ R3ak)
PTUALO = )R —a?)
_ p@?[RO(R = 1/6) —a®(fna — 1/6)]
e 6A,,(RS — ab)
(12)

pw?R%a%n (a/R)
6A, (RS —a®)

and the correspondingradial stresses are

D2:

pw?

N, =
Ap(A2 = (R —a?)

x{[@® (AL + AL Dr? + (A d — AR
+02A[(A12 —MADRT — (A + 3A11)r3+k]
+R* (A +3A1) — RPP(AL +34)]}

(2 #£9 (13)

_ pa?(Ap/A)

R r
= 66 L 4 G ROl 4 ROPSfn
' 6r4(a® — R®) {[a r r “ a r R

R R
n [rﬁ(a6 — R%) 4 3a 5= + 3RO = + 3R6r%—“
a a r

=9 U4

When the outer boundary is restrained from radial expansion,
compressiveradial stress is built up near the fixed edge. This stress
buildup may be reduced by using laminates of stiffnessratio higher
than one as shown by Tutuncu.® At high angular speeds, it is con-
ceivablethat these stresses might cause local stability problems. The
next section will deal with determining the critical speed that will
cause buckling.

III. Derivation of the Governing Equations
of Stability

Consider a circular plate of radius R and uniform thickness &
subjected to a compressive load N, (r) applied radially at the mid-
plane of the plate. Figure 1 shows the plate geometry and forces and
moments acting on a plate element. Because of the axisymmetry of
the problem, all stresses and strain components are ¢ independent,
and the force and moment equilibrium equations take the following
form.'

1) Force equilibrium equation in z direction:

1d dw

2) Moment equilibriumin r direction:

l[ivM,.) - (M@} +N,.=0 (16)
r|dr
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Fig.1 In-plane forces and moments.

Here, w is the transverse displacement. Substituting N,, from Eq.
(16) into Eq. (15) yields

(/N[ M,Y —Mg]+rN.w' =0 an
The curvature-transversedisplacementrelations are
Ky :—w”| Ko :—(l/r)wll

Ky.g = 0 (18)

The moment-curvature relationship may then be written for a
specially orthotropic plate as

M,. Dll DIZ O K,
Mg ¢ =Dy Dy 0 Ky (19
M,q 0 0  Dgs 0

where the bending stiffness terms are defined as follows'*:

1 n
[D] = 3 Z [Q(k)]{ziﬂ - ZZ}
k=1
With M, and M, now defined in terms of D;; and w, Eq. (17) may
be written as

{rw” 4+ w” — [(1/r)(Dy»/D1) — r(N,/DiDw’} =0 (20)

The minimum N, renderinga nonzero w is the bucklingload. Be-
cause N, is a function of the rotational speed in the present problem,
the minimum o satisfying the preceding equation will be called the
critical speed. For a constantload N, = —N,Eq. (20) can be solved
in terms of Bessel functions.!> However, when N, is due to centrifu-
gal forces, it assumes a complicated form, as Egs. (9), (10), (13),
and (14) indicate. Substituting either of these expressionsfor N, in
Eq. (20) will leave no choice but to resort to numerical methods.

IV. Weak Form of the Equation

In this section, our primary objectives will be to construct the
weak form of Eq. (20) and to classify the boundary conditions as-
sociated with the equation. The weak form of the problems in solid
mechanicscan be developedeither from the principleof virtual work
or from the governing differential equation. We shall start with the
given differential equation and use the three-step procedure to ob-
tain the weak form for a full plate and a plate fixed to a rigid shaft.
Rewrite Eq. (20) as, forrl <r < r2,

d[d d? 1D N, \d
S () (-2 ) =0 @D
dr [ dr dr? r Dy Dy, /) dr

A. Full Plate

Equation (21) may be integrated once. The resulting constant
of integration is zero due to the continuity requirement on w at
r =0 (Ref. 9). Multiplying Eq. (21), after integrating once, by a
weight function ¥ and integrating over the whole domain gives us
the weighted-residualstatement equivalentto the original equation:

r2 d dw 1 Dy, N, \ dw
(2 22,2 g =0 22
/,.1 1/'{[dr< rdr2>+<rD11 rm)m“ d (22)

z
L a1 _r 2 o3
o1 r rqu i
O R h
R \
a) Full plate b) Plate fixed to a rigid shaft

Fig.2 Problem model.

Integration of the first term by parts results in

"2 dy d*w 1 Dy, N, \dw
/,.1 b[(’ﬁw(?z)—“"a—u)ﬂ}d’

2 r2
- (wd w) —0 (23)
rl

=

Assuming ¥ =4&(dw/dr) and observing the boundary conditions
(Fig.2a) Pw/dr’ = (dw/dr)|,=¢ = 0and w = (dw/dr)|,,—x =0
atr =r1 and r2, Eq. (23) reduces to

2(dy [/ dPw 1 Dy, N, \ dw
—|{r— —— —r— |—|tdr=0 (24
[ AT oo o0 ) o Jor=0 e
which is the weak form of Eq. (21).

B. Plate Fixed to a Rigid Shaft
The weighted-residual statement equivalent to Eq. (21) is

7 o [dfd d? 1D N, \ dw]
/ 1//{—|:—<—r—w>+<—£—r—'>—w dr =0
" dr [ dr dr? r Dy Dy, ) dr |
(25)
Integration of Eq. (25) by parts results in

/"2 &y Pw\ d¥ /1Dy N, \dw]
—|lr—=)+— (-2 —r——|—|dr

o Ldr? dr? dr \r Dy Dy, / dr |
d d’w 1Dy, N N\dwT|”

R e R Gt

dy 2w\
ek =0 26
+ (dr dr? >,_1 (26
Assuming ¥ = dw and observingthe boundary conditions(Fig. 2b)

w=(dw/dr)|,=, =0and w = (dw/dr)|,,— g =0atr =rlandr2,
Eq. (26) reducesto

/"2 d*yr d*w n dy (1 Dy, N, \dw d 0
-_— r— -_— -7 | r =
rl drz drz dr r Dll Dll dr

27
whichis the weak form of Eq. (25). Equations(24) and (27) areiden-
tical as expected. In obtaining these equations, however, to comply
with the boundary conditions of each problem, different kinemati-
cally admissible weight functions have been selected.
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V. Interpolation Functions
and the Finite Element Model

The interpolationfunctions are the standard cubic Hermite poly-
nomials used in one-dimensional finite element analysis'®:

N{ =1=3[¢ —r)/r.* + 20 —r)/r.T
Ny = =@ —rD[l—= @ —r)/r.]
N§ =3[0 = r))/re)* =2[0 = r)/r.T
Ng == —r){[ = r)/r. = =r)/r.}
We now list the following definitions:
w = [N{u} = [P][A]""{u}

where [N] is the matrix of interpolation functions; [P] = [1, 7,
r?, r3] is the polynomial matrix; [A] is the coefficient matrix, the
inverse of which, when premultipliedby [ P], gives the matrix [N];
and the displacementvector {u} is {w(r), —w'(r), w(ry), —w’(r2)}
(Fig. 3).

The finite element model of Eq. (24) is obtained by substituting
the proper definitions of w and its derivativesin terms of interpola-
tion functions along with the definition of ¥;

r2

Bul((AT) /

rl

{r{P}”[P]” + 22 1(pY1pY
n'r

- rﬂ{P}'[P]'} dr AT ) = 0
Dll

Set the following definition (upon cancelingout [6u]) and substitute
N, from Egs. (10) and (11):

ARG AR o)

where i = (1, 2, ..., n) is related to the number of elements and

(K] = AT DT[K; AT

where
*] _ & ” ” Dy, 1 ’ ’
[Ki-f]_/rl ({P} [P] +D—“ﬁ{P}[P]>rdr
Also,
[M5] = AT My ]iAr!
where

*7 _ & r ’ 7
)= [ (tener) o

Equation (28) represents an eigenvalue problem. The lowest value
of w is the critical rotational speed for the plate. The appropriate
homogeneous boundary conditions are imposed by canceling the
correspondingrows and columns in the assembled global system of
equations.

up | I -1

X

Fig.3 Element with nodal displacement components.

VI. Results

For numerical work, 40-ply balanced laminates made from
T300/5208 (graphite/epoxy) were used. The on-axis (& = 0) elas-
tic properties of a single ply are Ex = 181 GPa, Ey = 10.3 GPa,
Es =7.17 GPa, v = 0.28, and = 0.25 x 10™* m. The radius of
the plate is R = 0.5 m for both the full plate and the plate fixed in
its center to a rigid shaft of radius a. The accuracy of the present
code has been tested on an isotropic full plate with elastic proper-
tiesv = % E = 181 GPa, and the same geometric properties. The
exact critical speed for this case is calculated from the expression
given in Ref. 9 as o = w./p = 343.279. The present finite

clement code gives .. = 344,355, 343.53, and 343289 when
aradiusis divided into 4, 8, and 20 elements, respectively. Because
a good agreement with the exact result is achieved for 20 elements,
the subsequent calculations for the composite plate are performed
using the same number of elements. The normalized critical speed
@ /@ i fOT the compositeplate is givenin Fig. 4 as a function of
the ply orientation &, for various a/ R values. Note that the limiting
case a/R = 0 corresponds to the full plate.

Figure 4 shows that the critical speed decreases up to about
@ = 55 deg and starts to increase afterward. As for the plate fixed
to arigid shaft, the decrease in @* continuesup to about ¢ = 65 deg
with a slight increase afterward. As expected, increasing the radius
of the rigid shaft increases the stability of the rotating plate. The
highest critical speed is attained for ¢ =0 deg. The stress distribu-
tion N = N, /p for ® =0 deg at the critical speed is presented in
Fig. 5 for the full plate and for the plate fixed to a rigid shaft for

a/R=0.6

"7 @" (isotropic)

1+ (Ful Plate}
< a/R=

o 10 20 20 40 50 80 70 80 Q0

& (Lamina Fiber Orientation) (Deg.)

Fig. 4 Critical speed as a function of ply orientation angle for
(+®, —®),) graphite/epoxy laminate.

)
a
o
|4
5
@ a/R=0.6
o
<
« T
=
=1
a4+
-6
O 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

/R

Fig.5 Stress distribution at the critical speed as a function of ply ori-
entation angle for (+®, — ®),, graphite/epoxy laminate.
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various a/R ratios. Stresses are normalized by N =4715 Nm/kg,
which is the maximum stress calculatedat the critical speed @,

in the isotropic full plate at /R = 0. The orthotropy contributes to
a decrease in stability.

VII. Conclusions

Rotating orthotropic plates fixed along the outer boundary are
subjected to compressive radial stresses near the fixed boundary.
These stresses are functions of the distance from the center and of
the ratio of the plate’s circumferential stiffness to radial stiffness,
which depend on the ply orientation angle. It is conceivable that
at a certain critical angular speed the plate will buckle due to high
compressive stresses.

In the presentstudy, the critical speed for such platesis determined
via a finite element formulation. It has been shown that increasing
the orientation up to a certain point makes the plate less stable. In
the case of a plate fixed to a rigid shaft, increasing the shaft radius
causes the critical speed to increase, thereby increasing the stability
of the plate.
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